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ABSTRACT: The paper is focused on a sensitivity analysis developed to study the relevance of experimental 
hardening curves obtained from tube bulging test to quantify the influence and the contribution of experimental 
uncertainties on the response variability. The experiments are based on “online” measurements of the internal pressure 
and the bulge height. A semi analytical model developed from a geometrical representation of the bulged tube and 
equilibrium of infinitesimal volumes (slab method) permits to evaluate the stress-strain curve. The differentiation of all 
the equations of the model and the evaluation of all the input parameters allow to get the total uncertainty on the 
resulting hardening curve and to identify the critical experimental parameters. Hence the results of this sensitivity 
analysis open up ways of improvements for conducting experimental tube bulging test. 
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1 INTRODUCTION  
Tube hydroforming process presents a great interest for 
industrial applications. It permits to obtain complex 
hollow shaped parts with reduced number of welding 
spots and higher quality [1-3]. In order to conduct 
predictive simulations of the hydroforming process, 
material parameters directly measured on tube must be 
preferred. To characterize precisely tubular material 
behavior, tube bulging test is applied It consists in 
bulging a tube over an area defined by the tool by 
applying an internal pressure. The identification of the 
hardening curve of a given tube and the estimation of its 
formability needs a specific experimental device coupled 
with a mathematical model.  Hwang and al propose in 
[4] a methodology to determine the hardening of a 
tubular material whereas stretching tube is not uniform 
and the contact between the die and the tube is sticking. 
By comparing the experimental results obtained by a free 
bulging of two tubes, a tensile test on the same classic 
shapes of tubes and data obtained from Fuchizawa’s 
analytical model [5] they demonstrated the relevance of 
bulging test. Spisak and Slota have shown in [6] that the 
test of bulging better describe the mechanical properties 
at large plastic deformations, in particular for cold rolled 
sheets and tubes. Both authors justify the use of this test 
to identify difficulties related to the strain hardening 
behaviour of a material, since the rate of uniform and 
stable deformation in a conventional tensile test is 
limited to half the limit of fracture under a biaxial load. 
The construction of any mathematical model is subject to 
two sources of uncertainties: epistemic uncertainties, 
partly due to the impossibility of knowing perfectly the 
problem studied, and random uncertainties due to the 
fact that certain parameters of the deterministic model 
are estimated by mean values of random variables. In 
order to find out how our model answers back to input 
factors, a local sensitivity study is performed to 
investigate the effects of various bulging parameters 
upon the strain and stress states. The physical parameters 
in question are mainly the initial thickness of the tube, 
the initial outer radius, the position of the displacement 
sensor, the bulge length, the bulge height and pressure in 
the tube. Different methods of differentiation can be 
used to form the sensitivity matrix. In the present case 
there are more input parameters than outputs and an 
analytical differentiation is then chosen. 
2 SEMI-ANALYTICAL MODEL 
The model is based on the geometrical description given 
below in Figure 1 and the following assumptions: 
1
- Strain and stress tensors are diagonal in the local 
frame ( )φθ eeer ,, . 
- Plane stress condition is considered. 
- Elastic deformations are insignificant. 
- Axial symmetry is conserved during the bulge test. 
- (X,Y) is a symmetry plane. 
Figure 1: Geometric model for tube bulging test analysis 
and definition of the parameters 
The approach is based on “on-line’ measurements and 
doesn’t need FE results. Only the internal pressure and 
the bulge height at the pole are measured during the test. 
The main steps of the modelling are described below but 
more details can be found in [7]. 
2.1 ASSUMPTIONS 
The model is devoted to quantify the stress-strain couple 
during a thin tube bulging test so plane stress assumption 
can be done. The axial symmetry of the initial tube and 
the loading (internal pressure) permits to affirm that the 
principal directions are the normal to the tube surface 
and the two tangential directions.  In this set of axes, the 
strain and stress tensors can be expressed as following: 
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2.2 GEOMETRIC RELATIONS 
Various parameters used in the geometric model are 
listed in Table 1. 
The internal pressure “p” and bulge height “he” at the 
pole are measured continuously using respectively a 
pressure sensor and a linear potentiometer. Relations 
between the geometrical parameters can be established 
and are detailed in [7].  
Table 1: List of the model parameters 
2.3 MECHANICAL ANALYSIS 
Strains can be calculated by the following equations: 
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Equation (3) corresponds to the plastic incompressibility 
condition. 
Then effective strain is obtained using hoop and radial 
strains:  
( ) ( ) θθθθ εεεεε ..3
2 22
rrrr ++= (4) 
The stress components can be found from slab method 
by studying the local equilibrium of two infinitesimal 
tube parts loaded with an internal pressure p. Then it can 
be found that: 
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TOOL 
2d Length of the free bulge zone  of the tube 
TUBE 
t0 Initial thickness of the tube 
rq Initial radius of the tube 
MODEL 
hq Bulge height of the tube at the pole 
Rq Current radius of the bulged tube in the 
(Y,Z) plane 
ρq Current radius of the bulged tube in the 
(X,Z) plane 
yq Distance between the centre of the 
curvature and the tube axis in (Y,Z) 
φ Angle for referring the point in the length 
of the tube when deformed 
INDICE 
q q = “e” stands for external and q = “i” 
stands for internal 
2
And the equivalent stress is equal to: 
( ) ( ) φφθθφφθθ σσσσσ .22 −+= (7) 
3 SENSITIVITY ANALYSIS 
Sensitivity analysis helps to build confidence in the 
model by studying the uncertainties that are often 
associated with parameters in model. 
3.1 TECHNICS 
 The proposed semi-analytical model is based on 
geometric data and measurements. All input data present 
inaccuracy and it is important to know how uncertainties 
contribute to the final imprecision on the resulting (σ,ε) 
couple. We attempt to determine the parameters that 
contribute the most on the variability of the outputs i.e. 
stress and strains, and whether certain factors interact. 
Let note with Greek letters measured data (such as 
pressure and dome height), with small Latin letters 
imposed geometric data that stays constant during the 
test (like initial thickness, initial tube radius), with 
capital Latin letters all others parameters that present an 
evolution when the pressure increases in the tube (for 
example, the current thickness, the stresses and strains, 
but also any other intermediate parameters). 
For some parameters, their relation with the others takes 
the following form: 
( )xXX ,α= (8) 
The differentiation of the equation above gives: 
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The error done on X-parameter can be linked to the 
errors done on α and x: 
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Often, the problem is expressed as following: 
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In these conditions, the error on X-parameter is 
expressed by: 
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Sometimes there is an implicit relation between 
parameters like: 
( ) 0,, =xXf α
In that case, the error on X-parameter is expressed by 
Equation (12). 
This will be applied with all the equations defining the 
model of section 2 by using Matlab® software. 
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3.2 RESULTS AND DISCUSSION 
Experiments of tube bulging are the origin of several 
uncertainties. Some are due to the sensors precision like 
for the bulge height and internal pressure. Some are due 
to the experimental device like the length of bulged zone 
or the position of the LVDT sensor. Others are due to 
inaccuracy of the tube geometry like the initial thickness 
and radius. Table 2 summarises the nominal dimensions 
or domain of variation for the main parameters with their 
associated errors. 
Table 2: Nominal dimensions or domain of variation and 
associated errors of the main parameters 
Characteristics of the bulged test 
Domain of variation Error Source 
p 0 - 40 MPa 0.3% 
he 0 - 8 mm 0.02% 
Datasheet of 
sensors 
Tube 
Nominal value Error Source 
re 17,5 mm 1% 
t0  1 mm 10% 
Tube supplier 
Tool 
Nominal value Error Source 
d 25 mm 5 mm 
Z 0 5 mm 
Machining 
tolerances 
From equations of section 2.3 and the analysis presented 
in section 3.1, it is possible to quantify the resulting 
errors on equivalent strain and stress but also the critical 
sources of errors on the resulting hardening law. 
The study has been conducted for the 
couple ( )MPa636;45.0 == σε . Figures 2 and 3 give
the global error on the equivalent strain and stress and 
the contribution of each source of error.  
Through this sensitivity analysis we can identify the 
most important factor. This is defined to be the one that, 
if determined, would lead to the greatest reduction in the 
variance of the effective strain and stress. In this case, 
imprecision on the initial thickness is the more critical 
for a good evaluation of the equivalent strain and stress.  
3
Figure 2: Global error and the different contributions on 
the equivalent strain calculated for 0.45=nomε  
Figure 3: Global error and the different contributions on 
the equivalent stress calculated for MPa 636=nomσ  
Likewise, we can define the second most important 
factor and so on till all factors are ranked in order of 
importance. In fact, the second important parameter is 
the bulge height which presents more influence on the 
quantification of the strain than the stress. The third 
important parameter is the uncertainty on the initial 
external radius of the tube with the same importance for 
strain and stress. The accuracy on the pressure value 
presents also an influence on the stress evaluation but its 
importance is quite weak. These results are in agreement 
with numerical results presented in [7] where several FE 
simulations were performed by changing only one 
parameter for each run. The resulting hardening laws are 
given in figure 4 where nominal law can be compared 
with its extreme laws obtained by FE simulations and the 
differentiation of the semi-analytical model. 
4 CONCLUSIONS 
These results lead to the following conclusions: 
- The quality of the tube is important to get exploitable 
data for the hardening law and it is necessary to know 
exactly the imprecision on the initial thickness and 
radius of the tube to be tested. 
- It is important to use precise LVDT and pressure 
sensors to measure respectively the height of bulge and 
the internal pressure. 
Figure 4: Nominal strain-stress curve and extreme 
points obtained by numerical simulations. The incertitude 
zone evaluated with the linear sensitivity analysis is 
represented by a rectangle 
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